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Introduction 

The starting shot for the systematic characterization of supersymmetric solutions to supergravity the- 
ories was given in 1982 by Gibbons & Hull [1], who obtained a partial characterization of the su- 
persymmetric solutions of pure (minimal) N = 2 d = 4 supergravity, later completed by Tod ||2| 
using the consistency conditions of the Killing spinor equations, who realized that the assumption of 
hypesurface orthogonality implicitly made by Gibbons and Hull was unnecessary for a solution to be 
supersymmetric. In a related development, in 1985 Kowalski-Glikman [3 ] proved that the only solu- 
tions to minimal N = 2 d = 4 SUGRA that do not break any supersymmetries, called the maximally 
supersymmetric solutions, are Minkowski space, the Robinson-Bertotti spacetime ((1DS2 x S 2 ) and 
a specific pp-wave called the 4-dimensional Kowalski-Glikman wave. 

In the 30 years since, hosts of result^] concerning supersymmetric solutions to SUGRAs have 
been obtained and many potent techniques were developed in order to obtain them. The first of such 
techniques was developed by Gauntlett et al. in ref. 0] and used it to give a complete classification 
of supersymmetric solutions to minimal N = 1 d = 5 SUGRA; this technique goes by the name 
of bilinear method as it deals with the analysis of all the form-fields one can construct as bilinears 
out off the Killing spinors. In this method there are 2 types of relations for the bilinears: first of all 
there are "kinematical" relations between products of bilinears due to the Fierz identities and only 
depend on the number and type of spinors employed in a given theory, and not on the theory itself 
(matter content, equations of motion etc.). The second kind of relations are "dynamical" in that they 
are differential relations determining the spacetime dependency of the bilinears and which originate 
in the theory-specific Killing spinor equations. In this article we will use the bilinear method, but 
it must be mentioned that there are more techniques e.g. spinorial geometry proposed by Gillard 



3 We feel that it is sheer impossible to give an overview doing justice to all the interesting results obtained and shall re- 
strict ourselves mainly to the results concerning the classification of supersymmetric solutions to N — 2 d = 4 supergravity 
and apologize in advance for any omission. 
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et al. in ref. Q, which is extremely powerful and much of the progress in the characterization of 
supersymmetric solutions, especially to higher dimensional SUGRAs, was made using it. 

Another technique that was developed in ref. [4] is an effort-saving one: preserved supersymmetry 
implies, by means of the integrability condition for the existence of a Killing spinor, relations between 
the equations motions implying that there is a minimal set of (components of) equations of motion that, 
once these are satisfied, automatically ensure that all the equations of motion are satisfied. In ref. ||6) 
this effort-saving technique was linked to the so-called Killing Spinor Identities originally derived in 
ref. ; the KSIs are the restriction of the gauge identities expressing the fact that a SUGRA action 
is supersymmetric, to the case of vanishing fermionic fields and with a gauge parameter taken to be 
the Killing spinor. The bottom line of O's identification is that there is no need to calculate the 
integrability conditions and that only the supersymmetric variations of the bosonic fields need to be 
known. 

The generalization of Gibbons & Hull's result to vector multiplet-coupled N = 2, d = 4 SUGRA 
was done first for static spacetimes in refs. JS] and in ref. [Q for general stationary solutions. In 
ref. (TO | the authors carried out a full characterization of supersymmetric solutions to this theory find- 
ing in the timelike case full agreement with aforementioned works; the null case was found to allow 
not only for pp- waves but also for stringy cosmic strings of the type first studied in iTffl . This char- 
acterization was then extended to the case of N = 2, d = 4 SUGRA coupled to vector multiplets 
and hypermultiplets in ref. [ 12 1 and to the case of YM-vector multiplets in refs. iTTBl [T4l ; in the latter 
theories one can, depending on the model, construct analytic, globally regular monopole solutions 
and non-Abelian black holes. Caldarelli & Klemm [15 ] extended Tod's results to the case of minimal 
gauged N = 2, d = 4 supergravity and the resulting solutions were studied further by Cacciatori 
et al. in refs. Ifl"6l : some examples of supersymmetric black holes had been already been obtained 
in refs. ifTTl li~8l . The fact that the maximally supersymmetric solution to this theory is aDS^, was 
established by Kowalski-Glikman in ref. lfT9l and in refs. ll20l it was shown that all solutions pre- 
serving more than half of the supersymmetry necessarily arise as quotients of aDS^. In refs. ETTl 
the characterization of supersymmetric solutions to minimal gauged N = 2, d = 4 SUGRA was 
extended by considering the coupling to Abelian vector multiplets and (rotating) black hole solutions 
were constructed in refs. (22]. Finally, in refs. ll23l a classification was made for the fake-SUGRA 
analogue of gauged minimal N = 2, d = 4 SUGRA coupled to YM-vector multiplets, leading to 
generalizations of Kastor & Traschen's cosmological multi-black hole solutions [24]; as these theo- 
ries are obtained by Wick-rotating the U(l) Fayet-Iliopoulos term, the potential has the opposite sign 
w.r.t. supersymmetric theory, the maximally fake-supersymmetric solution is 4-dimensional De Sitter 
space. 

What for the moment is missing from the above laundry list of classification articles is the char- 
acterization of supersymmetric solutions to gauged N = 2, d = 4 supergravity coupled to YM-vector 
multiplets and hypermultiplets: the aim of the current article is to do just that, albeit for the timelike 
case only. 

Observe that this is no way means that there are no supersymmetric solutions to the full theory 
known to the literature: for example supersymmetric domain walls were constructed in ref. 11251 . 
recently the maximally supersymmetric solutions were classified in ref. B6l and supersymmetric Lif- 
schitz, Schrodinger and (anti-)De Sitter solutions were considered in refs. Il27ll28l : Supersymmetric 
black-hole solutions with an Abelian gauging were constructed in ref. [29] and further analyzed in 
ref. QUI . Lastly, let us mention refs. [ 3 1 1 in which the Bogomol'nyi bound for asymptotically aDS^ 
black holes and black strings are discussed. 

The outline of this article follows the algorithm used in the classification of supersymmetric solu- 
tions and is as follows: section Q] contains an extremely short introduction to gauged N = 2, d = 4 
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SUGRA coupled to YM-vector and hypermultiplets. In section [2] we formulate the basic problem of 
finding SUGRA solutions preserving some supersymmetry as the problem of finding expressions for 
the purely bosonic SUGRA fields that allow for supersymmetry transformations that do not generate 
non-trivial fermionic fields; the relevant equations to be solved are called the Killing Spinor Equa- 
tions (KSEs) and the supersymmetric variation parameter is called the Killing Spinor. Given that 
information, we detail the KSIs and discuss the minimal set of (components of) equations that must 
be checked explicitly as to be sure that all the equations of motion are satisfied. Then in section [3] 
we analyze the differential constraints on the bilinears^in general and in section |4] we shall introduce 
coordinates and obtain the restrictions on the metric; at the end of that section we shall have obtained 
necessary conditions on the fields in our theory for them to give non-trivial solutions to the KSEs. 
In section [5] we will show that the conditions obtained thus far are not only necessary but also suf- 
ficient to guarantee preserved supersymmetry. In section [6] we shall then discuss the equations that 
need to be satisfied in order to solve the SUGRA equations of motion. Finally, section [7] contains our 
conclusions. 

We could not resist the temptation to include some appendices which explain the meaning and 
properties of the mathematical objects which are used in the gauging of N = 2, d = 4 theories: in 
app. |A] we give relations for the Pauli matrices and how to decompose the various spinorial bilinears 
using them. App. |B] deals with the gauging of isometries in Special Geometry and app. O does the 
same but for the hypermultiplets. 



1 General gauged N = 2, d = 4 supergravity 

In this section we are going to give a brief description of N = 2, d = 4 supergravity coupled 
to n vector supermultiplets and m hypermultiplets with gaugings of some of the isometries of the 
scalar manifolds associated to perturbative symmetries of the whole fheoiy0 using as gauge fields the 
fundamental (electric) vectors]^ 

The gravity multiplet of the N = 2, d = 4 theory consists of the graviton e a M , a pair of gravitinos 
tpj n (I = 1, 2), which we describe as Weyl spinors, and a vector field A ^ (the graviphoton). 

Each of the n vector supermultiplets of N = 2, d = 4 supergravity, labeled by i, j, k = 1, • • • , n 
contains one complex scalar Z l , a pair of gaugini A /l described as Weyl spinors, and a vector field 
A % il . The n = n + 1 vectors A ^, A 1 ^ are are described collectively by an array A A ^ (A = 0, • • • , n). 
In the ungauged theory, the scalar self-coupling is described by a non-linear cr-model with Kahler 
metric Qij*(Z, Z*); their coupling to the vector fields by means of a complex matrix M\-e(Z, Z*). 
These two couplings are related by a structure called Special Kahler Geometry^ In the gauged theory 
there are additional couplings due to the scalar potential and the covariant derivatives of the scalars 
that depend on the holomorphic components of the Killing vectors k\ l (Z) generating the isometries 
that have been gauged, and on the momentum map Va(Z, Z*), defined in eq. (IB.18I) . The gauging of 
the isometries of the Special Kahler Geometry are described in detail in Appendix |B] 

Each hypermultiplet consists of 4 real scalars q (called hyperscalars) and 2 Weyl spinors £ called 
hyperini. The 4m hyperscalars are collectively denoted by q u (u = 1 , . . . , 4m) and the 2m hyperini 

4 As was mentioned above, the implications of the Fierz identities do not depend on the matter couplings and we shall 
take them as given and refer the reader to ref. [32] for more information. 

5 See e.g. ref. (33], the review [34] and the original works [35. 36] for more information on N = 2, d — 4 supergravities. 
Our conventions are explained in ref s. [32. 10. 12. 14]. 

6 The embedding-tensor formalism introduced in refs. [37] offers more general possibilities. Some of them have been 
explored in refs. [38]. 

7 See e.g. ref. 1331 or the appendix of ref. II 101 - 
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by (a (« = 1, . . • ,2m). The 4m hyperscalars parametrize a Quaternionic Kahler manifold with 
metric H uv (q). In the ungauged theory, the hyperscalars do not couple directly to any of the fields 
of the vector multiplets and their only self-coupling is determined by H uv (q). In the gauged theory, 
however, there are direct couplings between the hyperscalars and the vectors and complex scalars in 
the scalar potential and in the covariant derivatives of the hyperscalars. These couplings depend on 
the the Killing vectors k\ u (q) of the isometries that have been gauged and on the triholomorphic 
momentum map Pa x (q), defined in eq. (IC 12b - The gauging of the isometries of the Quaternionic 
Kahler manifold are described in Appendix [C] 

The action of the bosonic fields of the theory is ll33l 



S = J d 4 x^/\g] [R + 2g ir ® ll Z i ^Z*i* + 2H uv S f ,q u ^q v + 29mA/' AS F A ^F s 



/Mi 

(1.1) 



-2KeNKzF K ^*F*^-V(Z,Z*,q)] , 

where the covariant derivatives acting on the scalars are defined in eqs. (IB .41) and (1C.3I) . the vector 
field strengths in eq. (IB .lib ; the scalar potential V(Z, Z* , q) is given by 

V(Z,Z*,q) = g 2 [-i(9mAA)- 1 l AS P A P s + i£* A £ s (4H^k A «k s i '-3PA :c P^) 



The supersymmetry transformation rules of the fermions for vanishing fermions are 



(1.2) 



6 e ipi „ = (1-3) 

5 e \ H = i^Z^ 1 +[((S i+ + W i )e IJ + iW ix (a x ) I K e KJ ]e J , (1.4) 

6eCa = McJuVfJ + Njei, (1.5) 

where the covariant derivative acting on the spinors is given in eq. (1C.35I ). our conventions for the Pauli 
matrices are described in Appendix lAl and where T^ v and G l ^ are, respectively, the graviphoton and 
matter vector field strengths; they are defined by 

= 2i£ E 9mAA EA i ?A ^ , (1.6) 

G* V = -^V'VSta^AFV • (1-7) 
Th so-called fermion shifts S x , W\ W l x ,N a I are given by 

S x = ± 9 £ a Pa x , (1.8) 

W* = IgC*^ = -i g g^* f K r Vx, (1.9) 

W ix = g gij* f** rPj x j (1.10) 

Nj = <?U Q V* A k A ". (l.H) 
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The supersymmetry transformations of the bosonic fields, also for vanishing fermions, are 



6 e e% = -f^^V + cc, (1.12) 

M\ = \C K *e IJ ^ Itl ej + y K i s I j\ I %e J + c.c. , (1.13) 

StZ* = i^ej, (1.14) 

<5 £ g u = iU a/ u cV + cc, (1.15) 

and do not depend on the gauge coupling constant g. Actually, they take the same form in the gauged 
and ungauged cases, a fact that will be exploited in the derivation of the KSIs. 
For convenience, we denote the bosonic equations of motion by 

c fJ. — _ 1 c — 1 c H — 1 53 cu _ _ 1 iiuv °° n 

a 2^\5e%' **- 2^\6&' tA -ay/b\6A\' ^\ 8<f> ' K ' 

and the Bianchi identities for the vector field strengths by 

B A » = S)^*F A ^. (1.17) 
Using the action eq. fll.ll ). we can calculate them to be of the form 

= G pu + 83mAf AS F A +/F E -^ + 2Q ir [Q^tfto^Z*? - ^g^ p Z^Z*^} 

+2H UV [Vpq^q - \g p ^ p q u T> p q v ] + \g pu V{Z, Z*,q), (1.18) 

£ A " = ®v*F A v * + y{k Ai .WZ* i * +k% i WZ i ) + yW Au J)' t q v , (1.19) 

£ i = tfz* + d i F A > MU *F A ^ + ±d i V(Z,Z*,q). (1.20) 

£U = ^2 q u + ^d u V(Z,Z*,q), (1.21) 
where we have defined the dual field strengths 



F Apu = --J 7 = T -^— = 2Ke(A/- As i ?E V) = BeJV^V + 9nxA/ AE * F s pu . (1.22) 

fJ,U 



^V\g\ 5*F A 



Combining the fundamental vector field strengths F A with their magnetic duals Fa into a sym- 
plectic vector F T = [F , F A \, one can rewrite many objects in a manifestly symplectic-invariant 
form. For instance, the graviphoton and matter field strengths are given by 

T + ^ = (V\F pv ) and G i V = (Vj*V \ T pv > , (1.23) 

where the symplectic notation is for example explained in ref. IT331 . 
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2 Supersymmetric configurations and Killing Spinor Identities 



Our first goal is to find all the bosonic field configurations 

{g»u (x) , F V (*) , A\ (x),Z i (x),q u (x)} , 
for which the Killing Spinor Equations (KSEs) of these theories, i.e. 

6e?Piv = 2V/+ [T + ^e IJ -\S x r ] ^e IK {a x ) K j] 1 v e J = Q, (2.1) 

5 e \ H = i^Z^ 1 +[((S i+ + W i )e IJ + ^W ix (a x ) I K e KJ ]e J = 0, (2.2) 

SeCa = iVcJuVq^ + Ncfei = 0, (2.3) 

admit at least one solution ej, which is then called a Killing spinor. As usual in this kind of analysis, 
we will not assume that the Bianchi identities are satisfied by the field strengths of a configuration 
which should be regarded as "black boxes". Imposing the Bianchi identities will be equivalent to 
imposing that those black boxes are related to the potentials (which are used explicitly in gauged the- 
ories) by eq. (IB .lib ; for the moment we will treat the vectors and the vector field strengths F A fll/ 
as independent fields. We will impose the Bianchi identities together with the equations of motion 
after we have found the supersymmetric configurations and at the end we will have supersymmetric 
solutions determined by the independent fields {g^ix), A A fl (x), Z* (x) , q u (x)} . 

We start by studying the integrability conditions of the above KSEs: using the supersymmetry 
transformation rules of the bosonic fields eqs. (11.1214TTT41 and using the results of refs. E] |6] we can 
derive the following KSIs satisfied by any field configuration admitting Killing spinors: 

Sa^e 1 - 4ie IJ £ A £ A "ej = 0, (2.4) 

5V - 2ie IJ f iA ? A ej = 0, (2.5) 

S u \} aI u e I = 0, (2.6) 

The vector field Bianchi identities eq. (11.171 ) do not appear in these relations because the procedure 
used to derive them assumes the existence of the vector potentials, and therefore uses the vanishing of 
the Bianchi identities. 

It is convenient to treat the Maxwell equations and Bianchi identities on an equal footing as to 
preserve the symplectic covariance of the theory, which means having a formally electric-magnetic 
duality-covariant version of the above KSIs. This version can be found by performing duality rota- 
tions on the above identities or from the integrability conditions of the KSEs (see e.g. iflOl ). Both 
procedures give exactly the same symplectic-invariant result, namely 

f^ej-^f | V)e u e J = 0, (2.7) 
£ i e I + 2i{$ | U* i )e IJ e J = 0, (2.8) 
£ u [J aI u e I = 0, (2.9) 
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where £ fl is a symplectic vector containing the Maxwell equations and Bianchi identities 



^■(tf)' <2 ' 10) 

Acting on these identities with gamma matrices and conjugate spinors from the left, we get iden- 
tities involving the equations of motion and tensors which are the bilinears of the Killing spinors. As 
mentioned in the introduction, there are two cases to be considered, the sexer being the causal nature 
of the vector bilinear V a = ie Ir y a ei, namely the timelike and the null case. In the timelike case 
(the only one we are going to consider in this paper) we can use F a /|y| as the component e° of an 
orthonormal frame, obtaining the identities 



g 0m = £ mn = Q ^ (2.11) 

(V/X I £°) = llX^S 00 , (2.12) 

(V/X I £ m ) = 0, (2.13) 

<Z4 | £°) = le-^Si*, (2.14) 

<Z4 | £ m ) = 0, (2.15) 

£ u = 0, (2.16) 
where X = \e 1J Ziej is the scalar bilinear and a is its phase ll32l . These identities imply that 1H[6] 

1. All the supersymmetric configurations automatically satisfy all the equations of motion except 
for £° and £ 00 and also the Bianchi identities. 

2. We will only need to impose £° = on the supersymmetric configurations in order to have a 
solution of all the classical equations of motion and Bianchi identities. 

3 Killing equations for the bilinears 

From the gravitino supersymmetry transformation rule eq. (11.31 ). using the decompositions eqs. dA.91 )- 
(IA.1 lb we get the independent equations 
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D M X = iV v T + vll + ^S x V\, (3.1) 

V (M K) = 0, (3.2) 

dV = AiXf*~ - y/2S* x $ x + c.c. , (3.3) 

V{»V X v) = ^M^M P + ^ S V + ^, (3-4) 

DV X = -ie xyz S* y $ z + c.c. , (3.5) 
where we denote differential forms with hats, and the SU(2)-covariant derivative is 

®V X = dV x + e xyz A y A V z . (3.6) 



Eq. (13.21 ) indicates that V is, as usual in SUGRA, a timelike Killing vector. According to eq. (I3.4I ). 
the vectors V x are not, in general. However, for vanishing graviphoton field strength, they are con- 
formal Killing vectors. The equations for dV (13.31 ) and DV X (13.51) will be used and analyzed later 
on. 

From the gauginos' supersymmetry transformation rules, eqs. (11.41) . we get 

= V I K^^Z i + e IJ ^ KJ ^G i+ ^ + W i S I K + XW iI K , (3.7) 

= iX*e KI D^Z i + i^ KI ^ u 'Z v Z i - ^ie IJ G i + ^ u V K / 

-iW i e IJ V K J ll -iW iIJ V K j fl . (3.8) 
The trace of the first equation gives 

VQpZ* + 2XW* = , (3.9) 
while the antisymmetric part of the second equation gives 

2X*®pZ i + ±G i+ ^ v V u + W% - W i J K V K j^ = . (3.10) 
From eqs. (13.11 ) and (13.101 ) we get 

V"T+ Vfl = -in it X--feg*V*p, (3.11) 

V(?+ Vll = \X*®»Z i + \W i Vp--^W ix V c v L . (3.12) 
The consistency of these expressions requires 

VQ^X = 0, (3.13) 
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and eq. ( 13.91 ), respectively. Upon using the Special Geometry completeness relation [33 ] 



F 1 



iC iy T + + 2f A iG i+ , 



we obtain from eqs. (13- lit and (13 - 1 2b . first of all 



(3.14) 



(3.15) 



Then, using Fa + = A/"^ S F S+ , we get for the symplectic vector of field strengths T T = ( F , Fa) 



where M. and f2 are the symplectic matrices 

I + RI- l R -RI~ l 

-I- X R I- 1 



M 



9. 



VV U + V2P x V a 



I 
—I 



and we have defined 



/as = 9m (A/as) , «as = (A/as) , / As /sn = 5 E a 



(3.16) 



(3.17) 



(3.18) 



furthermore, we have introduced the following symplectic vectors for the momentum maps 

"-(*)• "-(v)- 

Had we used the embedding-tensor formalism ll37l . none of the components of these symplectic 
vectors would have vanished and we would have obtained manifestly symplectic-invariant expres- 
sions; using only the fundamental (electric) 1-forms as gauge fields, however, kills off half of the 
components, as we have seen above. 

After some straightforward manipulations we obtain the general form of the electric and magnetic 
field strengths 



P x V A V x 



m - V2 g ( n (n\p 2 



where following ref. lHOl we have defined 



\X\ 



n^M p 



; J v x | 



V/X = K + iX. 
Let us now consider the hyperini's KSE: it is convenient to rewrite it as 



(3.20) 



(3.21) 



$)q u e I - iK xu v a x / tyq v e J - ige IJ £* A k A u e j + \gC* A ® u P K x a xIJ ej = . 



(3.22) 



We only get one independent equation for the bilinears: 
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V 1 ^®^ - iK xu v a x j I V J K ^^q v + gXS 1 K C* A k A u + %gX£* A ® u P A x a xI K = . (3.23) 
The trace of this equation is 

V^^q u -iV2K xu v V x ^ )M q v + 2gXC* A k A u = 0, (3.24) 
and its real and imaginary parts are 

+ 2g\X\ 2 TZ A k A u = 0, (3.25) 

K xu v V x ^^q v + V2g\X\ 2 l A k A u = 0. (3.26) 

The rest of the equations that can be obtained from eq. (13.231 ) can also be obtained from these two. 
In particular, we can get from eq. (I3.261 l 

V x ^ fl q u + e xyz K yu v V zfJ "S ll q v + ±g\X\ 2 l A ® u P A x = . (3.27) 

In order to make further progress we must introduce coordinates and obtain information about the 
metric. 

4 The metric 

We define a time coordinate t associated to the timelike Killing vector V by 

ee V2d t . (4.i) 

Then, by choosing the gauge fixing condition 

V M A A M = V2A A t = -2\X\ 2 K A , (4.2) 

we can solve eqs. (13.913.131) and (13.251 ) by taking all the scalar fields and the function X to be time- 
independentJl/.e 

d t Z l = d t X = 8 t q u = . (4.6) 
The definition eq. (14.11 ) and the Fierz identity V 2 = 4\X\ 2 imply that V must take the form 



8 The consistency of this gauge choice in all the equations derived from the KSEs requires the use of several identities 
that can be derived from the generic expression of the momentum map Va eq. JB.51I ). which is equivalent to 

Ta = 2|X| 2 / A s n (n E Hn , (4.3) 



the property eq. (IB .451 and T>Ma = A/aeS-C 5 "- These properties are 



/ As n ft E ftn = /AE n X S Xn = lArhn F 1Z s l n , (4.4) 
f A s n 1Z s ln = -fAs n T S lln = -RatT ta f^TFlln . (4.5) 
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V = 2V2\X\ 2 (dt + u), 
where a) is a spatial 1-form, which by definition, must satisfy 

eqs. (13-313- lb and some straightforward manipulations imply that & must satisfy 



' 2\f2 



J3)r-r3X + igV2\X\ 2 TZ A P A x V x ) A 



V 
\X\' 



(4.7) 



(4.8) 



(4.9) 



Since the V x s are not exact, we cannot simply define coordinates by putting V x = dx x . We can, 
however, still use them to construct the metric: using 



g liV = 2V- 2 \y ll V v -V J Ili V I j v ], 
and the decomposition eq. (IA.9I) . we find that the metric can be written in the form 



ds 2 



1 



A\X\ 



:V®V 



1 



2\X\ 2 xy 



5„,V X V y . 



(4.10) 



(4.11) 



The V x are mutually orthogonal and also orthogonal to V, which means that they can be used as a 
Dreibein for a 3-dimensional Euclidean metric 



5 xy V x ®V y = lmn dx m dx n , 



(4.12) 



where we introduced the remaining 3 spatial coordinates x m (m = 1, 2, 3). The 4-dimensional metric 
takes the coordinate-form 



ds 2 



2\X\ 2 (dt + 6j) 



1 



2\X\ 2 



In what follows we will use the Vierbein basis 



21 



■V, 



■v 1 



V2\X 



(4.13) 



(4.14) 



that is 



/ V2\X\ s/2\X 



V 







I v x 

V2\X\ V a 



■y/2\X 



LO,, 



y/2\X\ 

\ V2\X\V X ^ 



(4.15) 



where V x — is the inverse Dreibein V x —V y m = 5 y x and lo x = V x — % Observe that we can raise and 
lower flat 3-dimensional indices with 5 xy and 5 xy , whence their position is rather irrelevant. We shall 
also adopt the convention that, from now on, all objects with flat or curved 3-dimensional indices refer 
to the above Dreibein and the corresponding metric. 

Using these conventions, we see that eq. (14.91 ) takes the 3-dimensional form 



(did] 



xy 



1 



T>,X ® 7 X* 



X 



X* 



V2g{K | P 2 



(4.16) 
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or using the symplectic vectors defined in eq. (13.211 ) 

{dw) xy = 2e xyz | (I | + 2 ^| x|2 (^ I P z )] , (4-17) 

where 3D is the covariant derivative w.r.t. the effective 3-dimensional gauge connection 

i A „ = A A ^-UJrnA A t = A A , RL + V2\X\ 2 U A UJrn. (4.18) 

Let us now consider eq. (13.51 ): the mixed indices part takes on the form, using the gauge fixing 
eq. (1421) . 

d t V X rn = 0, (4.19) 

while the purely spatial part takes the form 

dV x + e xyz A y AV z + f x = 0, (4.20) 

where 

A x m = A^- V2 5 |X| 2 (i„ I P*>™ = A^- g (A m \ P x ), (4.21) 

f x = -^ge xyz (l I P y ) e zvw V v A y w . (4.22) 

The above equation can be interpreted as Cartan's first structure equations for the Dreibein V x , 

the SU(2) -connection 1-form A x and the torsion 2-form T x . It can be solved for the spin connection 
as a function of the Dreibein and torsion, i.e. 

^xyz(V) — £yzw-A x K x y Z (Tj , (4.23) 

where w xyz (V) is the standard 3-dimensional Levi-Civita connection 1-form (which is completely 
determined by the Dreibein), and K xyz (T) is the contorsion 1-form, to wit 

K xyz = \{T xzy + T yzx - T xyz ] = -V2g (1 | P [y ) S z > . (4.24) 

This condition relates the spin connection of the 3-dimensional space with the pullback of the 
SU(2)-connection, the gauge connection and the complex scalars. In the ungauged case, considered 
in ref. [12], this complicated relation reduces to a straightforward relation between the first two. 

Let us summarize our results: we have shown that 

1. The metric of a bosonic field configuration of N = 2, d = 4 supergravity A A ^, Z\ q u can be 
written in the conformastationary form eq. (14.131 where the spatial 1-form Co satisfies eq. (14.171) 
and the spin connection of spatial 3-dimensional metric " f mn is related to the pullback of the 
quaternionic-Kahler SU(2) connection A 7 j M and the gauge connection by eqs. (14.2114.181 ) and 
(14231 . 

2. The vector field strengths must take the form that can be derived from eq. (13- 15b - 

3. The covariant derivatives of the hyperscalars must satisfy eqs. (13.251) and (13.26b - In the gauge 
eq. (14.2I ). eq. (13.251) just states that the hyperscalars are time-independent. 
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4. The complex scalars Z l must satisfy eq. ( 13.91 ) and in the gauge eq. (14.21 ) they are also time- 
independent. Observe that there are no further equations for them. 

In the next section we are going to show that the necessary conditions that we have just found are 
also sufficient to have unbroken supersymmetry. 



5 Killing spinor equations: necessary is also sufficient 



Let us consider first the gaugini KSE eq. (12.21) : by straightforwardly expanding and manipulating the 
ingredients one can put it in the following form 

5 e X R = iV^lX^VxZ* (n°e) / - ie^wS (n°e) 7 - iW ix j 0x s IL U X L K e K , (5.1) 
where we have defined, as was indicated before, X = e ta \X\ and 

(n°e) 7 = e 1 + ie~ ia 7 ° e IJ ej , (5.2) 

(5.3) 



n 



xl 1 
J = 2 



5 Ij + 7 o(*)( ff (*))J 



(no sum) . (5.4) 



The gaugini KSE, then, will be solved if we impose the projections 

(n°e) 7 = 0, IP J j€j = > (5.5) 
for all x for which W lx ^ 0. The crucial properties of the IP are 

(IP) 2 = U x , Tr(U x ) =4 and [ IP , IP } = , (5.6) 

which guarantees that all 3 constraints H xI jej = can, if necessary, be consistently imposed at the 
same time. Furthermore, the properties of the Pauli matrices (see Appendix lAfi ensure that these 
constraints are consistent with the fourth constraint, namely (n°e) / = 0. 

Having identified the pertinent projection operators, the remaining checks of the KSEs are straight- 
forward and we will be brief: the analysis of the hyperini variation (12.31 ) implies that eq. (13.261 ) must 
be satisfied and the 0-direction of the gravitino variation (I2.lt implies that the Killing spinors are 
time-independent. The analysis in the spacelike directions of the gravitino variation is best expressed 
in terms of the Kahler- weight zero spinor r/j defined by ej = X 1 / 2 ??/. The parts of said variation that 
do not cancel straightforwardly are 

= d xm + [ \w xzz , + A\ - j=gs xz y 1 A P A Z ] § (o*) J ^J • (5-7) 

The identification of the spin connection in eqs. (14.231 ) and (14.24b . however, implies that the second 
term on the right hand side vanishes, whence preserved supersymmetry implies that r\j is constant. 

Summarizing and reformulating the results in this section we see that the Killing spinor takes on 
the form ej = X x l 2 r\j, where rjj is a constant spinor satisfying 

iP J /77j = and = ?/ + i-y° s IJ r]j , (5.8) 



9 This is easily seen to be true by making use of the identity e IL j° II* = IL xI l 7° £ LK which expresses the fact that 
for the IF complex conjugation is not the same as raising and lowering SU(2) indices. 
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the last restriction being a rescaled version of the constraint (I5.2I ). 

Since we must generically impose 4 compatible projection operators, each of which is able to 
project out half of the components of the Killing spinor, and we have 8 supercharges at our disposal we 
naively should conclude that we must end up with a solution that has no supersymmetry whatsoever. 
That this is not the case is due to the structure of the IP's and the chirality of the Killing spinor: 
it is easy to see that if we impose any pair of them, say (n 1 e) / = and (n 2 e) 7 , then the spinor 
automatically satisfies the third one, i.e. (n 3 e) 7 = 0. This then means that the configurations that we 
have obtained are |-BPS. 



6 Timelike supersymmetric solutions 

The KSIs imply that the supersymmetric configurations that satisfy the zeroth components of the 
Maxwell equations and (the Hodge dual of) the Bianchi identities solve all the equations of motion of 
the theory. 

The zeroth component of (the Hodge dual of) the Bianchi identities is just the Bianchi identity of 
the effective 3-dimensional field strength F A xy which has the following 3-dimensional expression: 



F 1 



xy 



{® Z 1 A + gB A z } , 



where 



B A Z = V2 



n A vP + 



rAS 



\X\ 2 ' 



(6.1) 



(6.2) 



The above equation is a generalization of the well-known Bogomol'nyi equation of Yang-Mills 
theories to an (almost arbitrary) 3-dimensional background metric 7 mw and with an extra term. If 
we find A A m ,I A , B A X solving that equation, then we have found a A A m that gives rise to the field 
strength -F A „m with the form prescribed by supersymmetry and the 3-dimensional Bianchi identity 
and, therefore, the zeroth component of the 4-dimensional one, are automatically satisfied. 

The integrability equation of the Bogomol'nyi equation is a generalization of the gauge-covariant 
Laplace equation for the X A : 



£> 2 Z A + tfbjB\ 



0. 



(6.3) 



Observe that in the above equation the covariant derivatives not only contain the gauge part acting on 
the A-indices, but also the spin connection for the 3-dimensional base space, which is constrained by 
eq. (14.231 ^1 In the ungauged, Abelian cases, fheZ A are just harmonic functions on M 3 . 

Let us now consider the zeroth component of the Maxwell equations, which can be written as a 
sort of Bianchi identity for the dual field strengths Fa: a lengthy calculation shows that the equation 
of motion leads to 



-^e xyz £) x F Ayz = ^ge xyz (dCj) xy Pi + \g 2 f K{ Jf^Z n Z A Zz + -^n^^ , (6.4) 

where we have defined^ 

10 Observe that the components of the Abelian Bianchi identity w.r.t. a curved frame reads V[ a F b ^ — 0, the extension to 
a non- Abelian one being obvious. 

11 Fax V is strictly given by this definition because there are no dual 1 -forms Aa in this formulation. 
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F\xy = ~^xyz j^a^A + gBA x \ 



(6.5) 



V2 



8IXI 2 



rs 



P£ . 



(6.6) 



If we use eq. (14.171) . which defines the 1-form Cj to express the equation, as much as possible, in terms 
of 1Z and X, we get 



" ~xyz ^x^A yz 



-±g(I | ® X X) P\ + i 5 2 /A(n r /A)r E l n l A lx 



(6.7) 



Observe that the above equation reduces in the hyperless case, i.e. P^ = 0, to the expression given in 

Buna. 



7 Conclusions 

In this article we have obtained the form of the most general supersymmetric solution to gauged 
N = 2, d = 4 supergravity coupled to YM-vector multiplets and hypermultiplets and showed that 
we are generically dealing with |-BPS solutions. The generic form of the solutions is the one already 
known from earlier investigations, but there are some fine differences; for example in ungauged case 
the base space is just M 3 and in (Abelian) gauged SUGRA the base space becomes torsionful lfl~5l . or 
said differently it must have a non-trivial SO(2) holonomy in order to be able to kill off the effective 
U(l) gauge field induced on the base space. In our case, see eq. (14.23 1 ), we have to face in general a 
base space with SO (3) holonomy as we have to kill off an effective SU(2) gauge field. 

Clearly, the general equations that need to be solved, such as the generalized Bogomol'nyi equa- 
tion in eq. (16.11 ). look daunting and a general solution is out of reach. But as mentioned in the in- 
troduction, interesting solution can be found and we hope that the results presented in this article 
makes finding them easier. An interesting sub-case to consider would be a theory with an SU(2) 
Fayet-Iliopoulos term along the lines of ref. [39]; work in this direction is in progress. 
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A Pauli matrices 



The Hermitean, unitary, traceless, 2x2 Pauli matrices a x (x = 1, 2, 3) are 
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a 



1 

1 

They satisfy the following properties: 



a 



1 
-1 



[p*) J j{a*) J K = S BV 6 I K + ie BVg {a z ) I K, 



S K j6 L I 



1 xK %L i \ I „m\K ( _m\L 



-U<r x ) [I { K(v x ) J] 



L] > 



K 



-i £ ^[5 I L (a z ) K j-(a z ) I L5 K j] 



£k{i{° x ) j] 

BLl{o X ) I jS JK 



(a x ) [I K e J]K = , 



I „x\K 
{V ) L, 



[(o*) 1 ~je JK ]* = -sij(o x ) j k . 
Taking into account the above properties, we have the following decompositions: 

V T j = \V 5 1 j + ±V* (a*) 1 j , 
V = S^V'j, 

where V and V x are real if V 1 j is Hermitian, and 

Ajj = lAeu + ^A-ejKia^j, 

A = s IJ A u , 
A x = 



j=(<T x Y K S KJ 'Ajj , 



or 



A IJ = {Auf = \A* e IJ + -^=A X * (a x Y K e 
A* = e u A IJ , 



KJ 



A 1 



kei K (a x ) K jA IJ . 



V2 



(A.l) 

(A.2) 
(A.3) 
(A.4) 
(A.5) 
(A.6) 
(A.7) 
(A.8) 



(A.9) 



(A. 10) 



(A. 11) 



In the particular case of the 1- and 2-form spinor bilinears V 1 j and <&/j these decompositions are 
related by ll32l 



2X* 



V x A V + i * (V x A V) 
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(A. 12) 



B Gauging holomorphic isometries of Special Kahler Geometries 



In this appendix we will review some basics of the gauging of holomorphic isometries of the special 
Kahler manifold in N = 2, d = 4 supergravities coupled to vector supermultiplets with the aim of 
fixing our conventions. 

We start by assuming that the Hermitean metric Qij* admits a set of Killing vectorial {K A = 

k\ l di + k* A l di*} satisfying the Lie algebra 

[K A ,K 11 ] = -f AS n K a , (B.l) 

of the group Gy that we want to gauge. 

Hermiticity and the ij and i*j* components of the Killing equation imply that the components 
ktC and k* A l * of the Killing vectors are, respectively, holomorphic and anti-holomorphic and satisfy, 
separately, the above Lie algebra. Once (anti-) holomorphicity is taken into account, the only non- 
trivial components of the Killing equation are 

\£h9ii* = Vi*k* Aj + Vjk Ai * = , (B.2) 

where £ A stands for the Lie derivative w.r.t. K A . 

The standard u-model kinetic term Qij*d fl Z l d fl Z*i* is automatically invariant under infinitesimal 
reparametrizations of the form 

5 a Z i = a A k A { , (B.3) 

if the a A s are constants. If they are arbitrary functions of the spacetime coordinates a A (x) we need 
to introduce a covariant derivative using as connection the vector fields present in the theory. The 
covariant derivative is 

V ll Z i = d ll Z i + gA A lt k /i i , (B.4) 

and transforms as 

<5 a lD^ = a A (x)d j k A i T> fl Z^> = -a A (x)(£ A - K A )T>^ , (B.5) 
provided that the gauge potentials transform as 

S a A\ = -g- l V^a K = -g- l (d^ A + gfcn A A s ^a n ) . (B.6) 
For any tensoj^] transforming covariantly under gauge transformations, i.e. tranforming as 

5 a <S> = -a A (x)(£ A -K A )$, (B.7) 
the gauge covariant derivative is given by 

= {V^ + VptfTi + 2)^*rV - gA\(£ A - K A )}$ . (B.8) 

In particular, on D^Z 1 

12 The index A always takes values from 1 to n, but some (or all) the Killing vectors may be zero. 
13 Spacetime and target space tensor indices are not explicitly shown. 
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SyD.Z* = VpQvZ* + r jk i Q lt Z'® u Z k + gA A li d j k A i J3 1/ Z^ , (B.9) 

[2V, S),,]^ = gF A ^k A \ (B.10) 

where 

FV = 2^^] + 5 / sn A ^V^] , (B.ll) 
is the gauge field strength and transforms under gauge transformations as 

S a F A ^ = -a^(x)h n A FV • (B.12) 

An important case is that of tensors which only depend on the spacetime coordinates through the 
complex scalars Z % and their complex conjugates so that V M <I> = <9 M <I> = <9 M Z l <9j<E> + d^Z* 1 * 
This can only be true irrespectively of gauge transformations if the tensor $ is invariant, that is 

£ A $ = 0. (B.13) 

The gauge covariant derivative of invariant tensors is always the covariant pullback of the target co- 
variant derivative: 

® li * = Q li Z i V i * + Q li Z* im V i .$. (B.14) 

Now, to make the cr-model kinetic gauge invariant it is enough to replace the partial derivatives by 
covariant derivatives. 

In iV = 2, d = 4 supergravity, however, the scalar manifold is not just Hermitean, but special 
Kahler, and simple isometries of the metric are not necessarily symmetries of the theory: they must 
respect the special Kahler structure. Let us first study how the Kahler structure is preserved. 

The transformations generated by the Killing vectors will preserve the Kahler structure if they 
leave the Kahler potential invariant up to Kahler transformations, i.e., for each Killing vector K\ 

£ K K = ktCdiK, + k*/di*K = \ K {Z) + \\{Z*) . (B.15) 
From this condition it follows that 

£\\y i - £z\a = -/as^Aq • (B.16) 

On the other hand, the preservation of the Kahler structure implies the conservation of the Kahler 
2-form J 

£ A J = 0. (B.17) 

The closedness of J implies that £\J = d(ik K J) and therefore the preservation of the Kahler 
structure implies the existence of a set of real 0-forms Va known as momentum map such that 

i kA J = V A . (B.18) 
A local solution for this equation is provided by 
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iV A = k A i d i lC-\ A , (B.19) 
which, on account of eq. (1B.15I) is equivalent to 

tP A = -(k* A i *d i *1C-\ A ), (B.20) 

or 

V A = i kA Q-±(\A-\* A ). (B.21) 
The momentum map can be used as a prepotential from which the Killing vectors can be derived: 

k Ai *=idi*V A . (B.22) 
Using eqs. (IB . 1 [) . (IB . 1 5b and (IB. 161) one finds 

£ A P S = 2ik [A %fg ij * = -f A x n V n ■ (B.23) 
The gauge transformation rule a symplectic section $ of Kahler weight (p,q) i J^I 

5 a <S> = -a A (x)(L A - K A )$ , (B.24) 
where L A stands for the symplectic and Kahler-covariant Lie derivative w.r.t. K A and is given by 

L A $ = {£ A - [5 A - \{p\ A + qXm® , (B.25) 

where the 5 A are sp(n, R) matrices that provide a representation of the Lie algebra of the gauge group 
G v : 

[Sa,Sz] = +/ae C 5 c . (B.26) 
The gauge covariant derivative acting on these sections is given by 

2^ = {V^ + V^Ti + D M Z«*r^ + lipk^diK + qh!fdi.1C) 



+gA A ^[S A + |(p - g)P A - (£ A - tf A )]}$ • 
Invaiiant sections are those for which 



(B.27) 



L A $ = 0, £ A H> = [S A -±(j>\ A + qX A )}$, (B.28) 

and their gauge covariant derivatives are, again, the covariant pullbacks of the Kahler-covariant deriva- 
tives: 

® li $ = ® ll Z i V i $ + ® IM Z* i *Vi.$. (B.29) 

By hypothesis (preservation of the special Kahler structure), the canonical weight (1, —1) section 
V is an invariant section 

K A V = [5 A -i(A A -A A )]V, (B.30) 
and its gauge covariant derivative is given by 



14 Again, spacetime and target space tensor indices are not explicitly shown. Symplectic indices are not shown, either. 
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D M V = V^ViV = ®^Z% . (B.31) 
Using the covariant holomorphicity of V one can write 

K A V = k K % - iV A V - |(A A - A A )V , (B.32) 

and, comparing with eq. (IB .301 ) and taking the symplectic product with V* , we find another expression 
for the momentum map 

Va = {V*\S a V), (B.33) 
which leads, via eq. (IB.22I) to another expression for the Killing vectors 

k k i = i&-Vk = *( V | SaU" ) . (B.34) 
If we take the symplectic product with V instead, we get the following condition 

(V|5 A V)=0. (B.35) 
Using the same identity and Qij* = —i{Ui \ U** ) one can also show that 

k/Sk&'gij, = VaVx - i( S A V I S E V* ) . (B.36) 

It follows that 

(S [A V | S S] V* ) = -IfA^Vn- (B.37) 
The gauge covariant derivative of Ui is 

KfMi = D^VjUi + S^VjMi = iC, lk lf '^ + GirVQuZ*'* . (B.38) 

Then, explicitly, the covariant derivative on the upper £ A and lower A4a components of the 
canonical section and on the supersymmetry parameters ej, which are of (5,-5) weight, are given 
by 



D M £ A = d^C K + iQ^C K + gA n f^ K C* , (B.39) 

£VMa = O^Ma + iQ^M A - gA Q faA*Mj; , (B.40) 

S^I = {v M + |Q M }e 7 , (B.41) 

where we have defined 

Q^ = Q^ + gA A ^V A - (B.42) 

The formalism, so far, applies to any group Gy of isometries. However, we will restrict ourselves 
to those for which the matrices 

0>A £ OA 

(B.43) 



£ 
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have b = c = 0. The symplectic transformations with b ^ are not symmetries of the action and the 
gauging of symmetries with c / leads to the presence of complicated Chern-Simons terms in the 
action. The matrices a and d are 

«A n s = /as^ , dAn S = -/An S • (B.44) 

These restrictions lead to additional identities. First, observe that the condition eq. (1B.35I ) takes the 
form 

fAx a £ S Msi = 0, (B.45) 
and the covariant derivative of eq. (IB.351 I ( V | SfJJi ) = 

fAz n (f i M n + h ni C E ) = 0. (B.46) 
Then, using eqs. (IB~33l) and (IB~34l) and eqs. (IB~35i ( lBl51) and (uT46l) we find that 



£ A V A = 0, (B.47) 

C A k A i = 0, (B.48) 

C*^k\ i = -if* Ai T A . (B.49) 
From the first two equations it follows that 

£ A A A = 0. (B.50) 

Some further equations that can be derived and are extensively used in the calculation throughout 
the text are explicit versions of Eqs. (IB.33t and (1B.34K i.e. 

V A = 2/ AE r Ke (£*M* r ) , k Ai * = i/As r (/;. S M r +£ s /i^) . (B.51) 

Finally, notice the identity 

kA^VZ™* - kl&Z* = i®V A = i(dV A + gfA^A^Vn) • (B.52) 

The absolutely last comment in this appendix is the following: if we start from the existence of a 
prepotential T{X), then eq. (1B.35I) implies 

= / A E r X^dr T , (B.53) 

the meaning of which is that one can gauge only the invariances of the prepotential. To put it differ- 
ently: if you want to construct a model having g as the gauge algebra, you need to pick a prepotential 
that is 0-invariant. 
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C Gauging isometries of quaternionic Kahler manifolds 



We start by assuming that the metric H uv admits Killing vectors l<A n satisfying the Lie algebra 

[fcA,te] = -/AE n fcn, (CI) 

where, as in previous cases, for certain values of A the vectors and the structure constants can vanish. 
The metric and the ungauged sigma model are invariant under the global transformations 

8 a q u = a A k A u (q) . (C.2) 

In order to make this global invariance local, we just have to replace the standard derivatives of 
the scalars by the covariant derivatives 

V E V + ffA k A tt . (C3) 

which will transform according to 

5 a V^q u = a A (x)d v k A u S^q v , (C.4) 



provided that the gauge potentials transform in the standard form eq. (IB .6b - 

This is enough to gauge the global symmetry of the scalars' kinetic term. However, the isometries 
of the metric need not be global symmetries of the full supergravity theory. They have to preserve the 
quaternionic-Kahler structure as well, and not just the metric. In order to discuss the preservation of 
this structure, we need to define SU(2)-covariant Lie derivatives. 

Let 7p x (q) be a field on HM transforming under infinitesimal local SU(2) transformations accord- 
ing to 

S x ilf = -e xyz \ y ^ z . (C.5) 
Its SU(2)-covariant derivative is given by 

D^ x = di> x + e xyz A v ip z , (C.6) 
where the SU(2)-connection 1-form transforms as 

5 X A X = DX X . (C.7) 

To define an SU(2)-covariant Lie derivative with respect to the Killing vector kA La, we add to 
the standard one £ A a local SU(2) transformation whose transformation parameter is given by the 
compensator field \N\ X : 

h A ip x = £ A i\) x + e xyz W K y^ z , (C.8) 

which is such that 

5 X \N A X = £ A \ X - e xyz \ y \N A z = L A A X . (C.9) 

La is clearly a linear operator which satisfies the Leibnitz rule for scalar and vector products of 
SU(2) vectors. The Lie derivative must also satisfy 

[L A , L E ]=L [kAiks] (CIO) 
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which implies the Jacobi identity. This requires 

4W S X - £ E Wa* + e^ z \N A y W| = -/ AS r Wr a: , (C.11) 

where, due to the assumed linear dependency of Wa on I<a, W[ kA ks j = — /As r Wr- 
In order to satisfy equation (IC.1U we introduce another SU(2) vector P A X such that 

Wa 2 = k A u A\ - P A X , (C.12) 
which has to satisfy the equivariance condition 

D A Ps x - DsPa* - e^P^P^ - x k A u k s * K\ v = -f AS F P r x , (C.13) 
where Da = k A u D u and we have used the fundamental property of the hyperKahler manifolds 

F x = xK x , (C.14) 

where 

F x = dA x + \e xyz A 9 A A 2 , (C.15) 

is the field strength of the SU(2) -connection and x is a non-vanishing real number which has to be 
negative for the kinetic energy of the hyperscalars to be positive; we take x = — 2 as to have a 
conventionally defined kinetic term for the hyperscalars. 

P A X is going to be the triholomorphic momentum map when we impose the preservation of the 
hyperKahler structure K x by the global transformations eq. <\C.2\ and the compensating SU(2) trans- 
formation with parameter Wa- This condition is expressed using L as 

h A K x uv = £ A K X UV + e xyz (k A w A y w - P A y )K z uv = -2D M (k A ™K^ H ) - e xyz P A y K z uv = 0. 

(C.16) 

Using the covariant constancy of the hyperKahler structure, this condition can be rewritten in the form 

2(V [ul k A w )K x wlv] -8 x y z P A y K z uv = 0, (C.17) 
and, contracting the whole equation with K y uv we find 

K xuv V u k Av = -2mP A x . (C.18) 

Acting on both sides of this equations with D„, and using the Killing vector identity V w V u k Av = 
R W ruvk A r we get 

k A r R wruv K xuv = -2mD w P A X . (C.19) 

Finally, using 

K x uv = -ia x u ^ aI u^\C a p , a x u = ^^ejk , (C.20) 

in 

R ts uv \J aI u U pj v = Sis C a/3 - Rtf e IJ = Pis C Q/3 - R t f e IJ , (C.21) 
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we get 

Substituting above, we arrive at 

DuPa^xKW, (C.23) 

which can be taken as the defining equation of the triholomorphic momentum map. From this equation 
we find 

DePa^xWK 1 ™, (C.24) 
and, substituting directly in eq. (1C.13I ) we obtain 

LaPs" = DaPs- - e^P A fP E 2 + f^ n Pn x = , (C.25) 
which says that the triholomorphic momentum map is an invariant field and 

£ *y*P A y P ^ - x k A VK\ v = f A x n Pn x ■ (C.26) 
Now, for a field <3? (possibly with spacetime, quaternionic, SU(2) or gauge indices) which under 



eq. (IC.2I ) transforms according to 

5 a $ = —a (La - k A )$ , (C.27) 
we define the gauge covariant derivative 

= {V„ + V^q u T u - gA A ^h A - k A ) + D^" A\}$ . (C.28) 

For the triholomorphic momentum map, we have, on account of eq. (1C.25I ). which we can rewrite 
in the form 

k A u d u Px x = s xyz (k A u A\ - P A y )P^ z - /ae C Pq x , (C.29) 
the following expressions for its gauge covariant derivative 

^Pa x = ^Pa* + s xvz A\Pa z + /AE n ^ E M p n x > (C-30) 

© M P A X = D^ M D U P A X , (C.31) 
where we have defined 

A% = d^q u A\ + j^Va* • (C32) 
Under eq. (IC.2I ). spinors with SU(2) indices undergo the following transformation 

6 a ^ I = -a A \N A x ^a x I J ^ J . (C.33) 
Then, using the general formula, their covariant derivative is given by 
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2VY>/ = V^/ + A% 1(7*, J ^J • (C34) 

If we take into account their Kahler weight and possible gaugings of the isometries of the special- 
Kahler manifold, we have for the supersymmetry parameters of N = 2, d = 4 supergravity 

2V/ = {V M + |Q M }e 7 + k x ^a x /ej . (C.35) 

References 

[1] G.W. Gibbons, CM. Hull, Phys. Lett. B 109 (1982) 190. 

[2] K.P. Tod, Phys. Lett. B 121 (1983) 241. 

[3] J. Kowalski-Glikman, Phys. Lett. B 150 (1985) 125. 

[4] J.P Gauntlett, J.B. Gutowski, CM. Hull, S. Pakis, H.S. Reall, Class. Quant. Grav. 20 (2003) 
4587 [hep-th/0209114]. 

[5] J. Gillard, U. Gran, G. Papadopoulos, Class. Quant. Grav. 22 (2005) 1033 

[hep-th/0410155]. 

[6] J. Bellorm, T. Ortm, Phys. Lett. B 616 (2005) 118 [hep-th/0501246]. 
[7] R. Kallosh, T. Ortm, "Killing spinor identities", hep-th/ 93 6 8 5. 

[8] W.A. Sabra, Mod. Phys. Lett. A 12 (1997) 2585 [hep-th/ 97 310 1]; W.A. Sabra, Nucl. Phys. 
B510(1998) 247 [hep-th/ 970 41 47]; 

[9] K. Behrndt, D. Lust, W.A. Sabra, Nucl. Phys. B510 (1998) 264 [hep-th/9705169]. 

[10] P. Meessen, T. Ortm, Nucl. Phys. B 749 (2006) 291 [hep-th/ 6 3 9 9]. 

[11] B.R. Greene, A.D. Shapere, C. Vafa, S.-T. Yau, Nucl. Phys. B337 (1990) 1. 

[12] M. Hubscher, P. Meessen, T. Ortm, Nucl. Phys. B759 (2006) 228 [hep-th/0606281]. 

[13] M. Hubscher, P. Meessen, T. Ortm, S. Vaula, Phys. Rev. D78 (2008) 065031 
[arXiv: 712 . 15 30]; P. Meessen, Phys. Lett. B665(2008) 388 [arXiv: 08 03 . 68 4]. 

[14] M. Hubscher, P. Meessen, T. Ortm, S. Vaula, JHEP 0809 (2008) 099 [arXi v : 8 6 . 1 4 7 7]. 

[15] M. M. Caldarelli, D. Klemm, JHEP 0309 (2003) 019 [hep-th/ 0307 022]. 

[16] S.L. Cacciatori, M.M. Caldarelli, D. Klemm, D.S. Mansi, JHEP 0407 (2004) 061 
[hep-th/0406238]; S.L. Cacciatori, M.M. Caldarelli, D. Klemm, D.S. Mansi, D. Roest, 
JHEP 0707 (2007) 046 [arXiv : 7 4 . 2 4 7]. 

[17] L. J. Romans, Nucl. Phys. B 383 (1992) 395 [hep-th/9203018]; N. Alonso-Alberca, 
P. Meessen and T. Ortm, Class. Quant. Grav. 17 (2000) 2783 [hep-th/0003071]. 

[18] W.A. Sabra, Phys. Lett. B 458 (1999) 36 [hep-th/9903143]. A.H. Chamseddine, 
W.A. Sabra, Phys. Lett. B 485 (2000) 301 [hep-th/ 00 0321 3]. 



26 



[19] J. Kowalski-Glikman, Phys. Lett. B 166 (1986) 149. 

[20] J. Grover, J.B. Gutowski, W.A. Sabra, Class. Quant. Grav. 24 (2007) 3259 
[hep-th/0 610128]; J.M. Figueroa-O'Farrill, J. Gutowski, W.A. Sabra, Class. Quant. 
Grav. 24 (2007) 4429 [arXiv : 7 5 . 2 7 7 8]. 

[21] S. L. Cacciatori, D. Klemm, D. S. Mansi, E. Zorzan, JHEP 0805 (2008) 097 
[arXiv: 08 04 . 00 9]; D. Klemm, E. Zorzan, Class. Quant. Grav. 26 (2009) 145018 
[arXiv: 0902 . 4186]; D. Klemm, E. Zorzan, Phys. Rev. D 82 (2010) 045012 
[arXiv: 1003.2974]. 

[22] S.L. Cacciatori, D. Klemm, JHEP 1001 (2010) 085 [arXiv : 91 1 . 4 92 6]; 
D. Klemm, JHEP 1107 (2011) 019 [arXiv: 110 3 . 4 6 99]; M. Colleoni, D. Klemm, 

arXiv:arXiv: 120 3 . 6179. 

[23] P. Meessen, A. Palomo-Lozano, JHEP 0905 (2009) 042 [arXiv: 0902 . 4814]; J.B. Gutowski, 
W.A. Sabra, Class. Quant. Grav. 27 (2010) 235017 [arXiv: 903 . 017 9]; P. Meessen, Phys. 
Rev. D 80 (2009) 047502. 

[24] D. Kastor, J.H. Traschen, Phys. Rev. D 47 (1993) 5370 [hep-th/9212035]; Class. Quant. 
Grav. 13(1996) 2753 [gr-qc/ 9 31 1025]. 

[25] K. Behrndt, G. Lopes Cardoso, D. Lust, Nucl. Phys. B607 (2001) 391 [hep-th/0 102128]. 

[26] K. Hristov, H. Looyestijn, S. Vandoren, JHEP 0911 (2009) 115 [arXiv: 0909 . 1743]. 

[27] N. Halmagyi, M. Petrini, A. Zaffaroni, JHEP 1108 (2011) 041 [arXiv: 1102 .574 0]. 

[28] S. Kachru, R. Kallosh, M. Shmakova, Phys. Rev. D 84 (201 1) 046003 [arXi v : 1 1 4 . 2 8 8 4]. 

[29] K. Hristov, H. Looyestijn, S. Vandoren, JHEP 1008 (2010) 103 [arXiv: 1005 . 3650]. 

[30] K. Hristov, S. Vandoren, JHEP 1104 (2011) 047 [arXiv: 1012 .4 314]. 

[31] K. Hristov, C. Toldo, S. Vandoren, JHEP 1112 (2011) 014 [arXiv: 1110 . 2 68 8]; K. Hristov, 
arXiv:arXiv: 1112 . 4289;K. Hristov, C. Toldo, S. Vandoren, arXiv:arXiv: 1201 . 6592. 

[32] J. Bellorin, T. Ortm, Nucl. Phys. B 726 (2005) 171 [hep-th/0506056]. 

[33] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D'Auria, S. Ferrara, P. Fre, T. Magri, J. Geom. 
Phys. 23 (1997) 111 [hep-th/ 9 60 50 32]. 

[34] A. Van Proeyen, "N = 2 supergravity in d = 4, 5, 6 and its mat- 
ter couplings", lectures given at the Institute Henri Poincare, Paris, November 2000. 

|http : / /it f . f ys . kuleuven . ac . be/ ~toine/LectParis . pdf 

[35] B. de Wit, A. Van Proeyen, Nucl. Phys. B 245 (1984) 89. 

[36] B. de Wit, PG. Lauwers, A. Van Proeyen, Nucl. Phys. B 255 (1985) 569. 

[37] F. Cordaro, P. Fre, L. Gualtieri, P. Termonia, M. Trigiante, Nucl. Phys. B 532 (1998) 245 
[hep-th/ 980 40 56]; B. de Wit, H. Samtleben, M. Trigiante, Nucl. Phys. B 655 (2003) 
93 [hep-th/0212239]; Phys. Lett. B 583 (2004) 338 [hep-th/0311224]; B. de Wit, 
H. Samtleben, Fortsch. Phys. 53 (2005) 442 [hep-th/ 050124 3]; B. de Wit, H. Samtleben, 
M. Trigiante, JHEP 0509 (2005) 016 [hep-th/0507289]. 



27 



[38] M. de Vroome, B. de Wit, JHEP 0708 (2007) 064 [arXiv: 70 7 . 2717]; M. Hiibscher, 
T. Ortm, C. S. Shahbazi, JHEP 1011, 130 (2010) [arXiv: 100 6 . 4 4 57]. 

[39] M. Cariglia and O.A.P. Mac Conamhna, Class. Quant. Grav. 21 (2004) 3171 

[hep-th/0402055]. 



28 



